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Abstract 
The heterogeneous FEM models of brick walls are analyzed in order to estimate possibility to predict proper failure mechanisms 
for different biaxial stress modes. The micro-modeling of masonry structures with the application of cohesive elements to 
describe the mortar joint zone is applied. For the boundary value problems modeling different brick patterns the typical biaxial 
tests are simulated. In one case (the most typical pattern) the comparison of numerical test solutions with laboratory experiment 
results on masonry panels in biaxial stress states made by Page is done. The qualitative comparison between numerical and real-
life experiments shows the possibilities of application of Abaqus FEA build-in constitutive material models in evaluating the 
behavior of masonry under biaxial stresses. Such models properly verified can be treated as virtual experimental tests for 
determination of parameters for macroscopic continuum elasto-plastic models. 
© 2015 The Authors. Published by Elsevier B.V. 
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1. Introduction 
Typical masonry structures are made by joining bricks with mortar. Effective properties of elasticity and 
plasticity in macroscopic models are determined by brick layout, as well as the mechanical characteristic of bricks 
and mortar. Experiments on wall elements (brickwork panels) confirm that before reaching failure state the wall 
shows clear features of elastic anisotropy (in particular orthotropy). On the other hand, failure state is usually 
associated with brittle cracking of bed joints between the wall elements (bricks), whilst brick cracking occurs only in 
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exceptional cases [2]. The transition to the limit state of the brickwork in macroscopic modeling is also connected 
with orthotropic yield conditions (pressure insensitive- Hill’s or pressure sensitive-Hoffmann’s [6]). 
Studies carried out in this work will cover analysis of the mechanisms of failure in flat masonry panels (modeled 
with plane stress assumption), subjected to the biaxial stress state, taking into account variable angle between bed 
joint plane and load axis (principal stress directions). The micro-modeling approach is used, meaning that each 
component of masonry wall can be distinguished (for description of different modeling strategies see [7]). Bricks are 
modeled as linear elastic elements, whilst to model the connection between them (interface) the cohesive elements, 
with nonlinear constitutive relationship that allows to describe fracture and post-critical weakening, are used (see 
[5]). 
The results of research carried out by Page in the 80s. are treated as a benchmark to the analysis covered in this 
work. Against that background, the results of numerical tests on corresponding masonry panels, modeled using 
ABAQUS software and constitutive relations shown in section 2, were presented. It is possible to assess the 
advantages and disadvantages - and to specify the limits of the applicability - of this non-macroscopic model based 
on the comparison with Page’s results. In Page’s paper [10, 11] the results of the experimental biaxial compression 
tests are presented. Here, biaxial compression-tension test are carried out and the failure surface depending on 
principal stress orientation with respect to bed joints is drawn. 
2. Constitutive modeling of heterogeneous masonry structures 
2.1. Constitutive model for bricks 
To describe the elastic behavior of the masonry constituent elements (bricks) the linear Hooke’s relationship for 
isotropic materials is assumed: 
 tr 2O P σ ε I ε ,  (1) 
where σ  and ε  are stress and strain symmetrical second order tensors, I  is an identity second order tensor and 
„tr” is a tensor trace operator. Lame’s material parameters can be expressed via technical constants E  and Q with 
following formulas: 
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2.2. Interface constitutive model 
Before the failure initiation, material interface (mortar) is a linear elastic material, with the constitutive 
relationship between the interface stress vector t  (  t σn , where n  is a normal to the interface plane vector, and σ  is 
a stress tensor outside the interface) and strain vector εˆ  in the following form: 
ˆ
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t Kε ,  (3) 
where K  is a second order tensor describing interface stiffness. The relationship in the form (3) allows taking 
into account an anisotropic elastic properties of the interface for tension/compression and shearing modes of 
deformations. In (3) εˆ  is a nominal strain vector, components of which are defined like below: 
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In the expression above, iG  is interpreted as the displacements in interface, and 0T  is the interface initial 
thickness. In the relationship “n” stands for a normal to the interface plane and “t”, “s” describe two directions 
perpendicular to each other, see Fig.1. 
 
 
Fig. 1. Local coordinate system in cohesive elements. Fig. 2. Degradation of the interface stiffness after failure initiation. 
 
So in some range of deformation the interface is working as linearly-elastic, but after crossing a failure criterion 
expressed in terms of stress or strain the stiffness of the joint is depreciating and finally becomes equal to zero. 
When the joint stiffness is zero the permanent deformations occur. As a failure criterion the following condition in 
the form of quadratic function with respect to the stress vector components may be assumed: 
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Similar condition in the strain vector space can be written in the following form 
2 2 2
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.   (6) 
In the following numerical tests the failure criterion depending on stress in the form (5) is applied. In (5) the three 
interface stress vector components are present, while maxit  are maximum values of these vector components, 
determined in the uniaxial tension and shearing in two directions tests (Fig.1). By analogy, in (6) the three interface 
strain vector components are present, while maxiH  are maximum values of the strain vector components obtained in 
the same experimental tests as above. In the assumed model [1] the real stress vector components are derived with 
the following equations: 
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where it  are stress vector components derived from (3) with the assumption that the failure condition is not met. 
A scalar parameter D  (degradation) depends linearly or exponentially on maximum strains achieved in the 
interface. Aforementioned linear relationship is as follows: 
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while exponential one is quite more complicated and can be written as: 
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Graphical interpretation of the fmG  and 0mG  parameters can be found in Fig.2. The parameter maxmG  describes 
maximum value of the displacement in the interface during the entire loading history and max 0[ , ]fm m mG G G . As a 
result D  parameter is modified for 0m mG G!  and is constant during material unloading and its value is always from 
the interval [0,1]D  (0- there is no degradation of elastic properties, 1-there is no interface stiffness, complete 
degradation). In expression (9) D  is the dimensionless parameter describing the degree of the damage accumulation 
and 
2 2 2
m n t sG G G G   .  (10) 
A detailed description of this model can be found, among others, at [3]. 
3. Numerical biaxial tests 
All the results presented below were calculated for 2D models in plane stress case. To model the bricks the 
CPS4R and CPS3R elements were used (four or three node, bilinear elements with reduced integration). In case of 
mortar modeling the 2D, four node, linear, cohesive elements (COH2D4) were applied. In Fig. 3 the two exemplary 
FEM meshes are presented showing different orientation of the bed joints direction (0.0° and 67.5°) with respect to 
the x axis. In first case mesh consist of 4067 elements CPS4R type and 690 elements COH2D4 type, whereas in the 
second case there are: 4100 CPS4R elements, 743 COH2D4 elements and 72 CPS3 elements. 
 
a) b) 
  
Fig. 3. Exemplary FEM mesh with global coordinate system for T  angle equal to: a) 0.0° and b) 67.5°. 
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3.1. Material data 
Material parameters in constitutive relationships presented in section 2 for both brick and mortar were assumed 
as in works [8, 12], therefore the comparison of numerical test results with results of Page’s studies can only be 
analyzed on the qualitative level. Summary of all material data is in table 1. 
Table 1. Material properties for bricks and mortar interface. 
Bricks: Interface: 
> @2/ mmNE  Q  > @2/ mmNKnn  > @2/ mmNKss  > @2max / mmNtn  > @2max / mmNts  > @mmfmG  
20000  15.0  2000  890  5.0  75.0  08.0  
 
In the case of adopted cohesive elements a simplified constitutive relationship is applied - in (3) the only non-
zero components are present on the diagonal. It should also be noted that the constitutive relationship described in 
section 2.2 for the interface does not include material damage as a result of compression, but still it is highly non-
linear [12]. 
3.2. Numerical tests 
To resemble the experimental tests presented in works [4, 10, 11] the four FEM models of square panels were 
created, measuring 665 x 665 mm, with directions of bed joints (global principal orthotrophy directions) inclined to 
x axis with 0.0°, 22.5°, 45° and 67.5° angle respectively, Fig.4. The brickwork layout and dimensions of bricks, 
joints and panels are adopted analogous to those presented in Page’s work [10]. 
 
a) b) 
  
Fig. 4. Masonry test panels: a) realization of boundary conditions, b) panel orientation. 
In every analyzed case on two edges perpendicular to each other (eg. AD and CD, Fig. 4a) the zero displacement 
boundary conditions were assumed, while in nodes laying on AB and BC edges (boundaries) the displacement were 
assumed realizing compression/tension in x and y direction respectively. For each boundary condition configuration 
four numerical tests were performed on each panel using finite element system ABAQUS [1]. 
The main objective of the work presented here was to determine the limit surface for biaxial compression-
tension tests considering different orientation of the bed joints. The uniaxial strain test was conducted first, by 
controlling the vertical displacement in nodes of the upper AB edge of the panel, and blocking the horizontal 
displacements of the nodes on edges AD and BC. Numerical solution of the following tasks was divided into two 
steps - in the first one the displacements in direction x (on edge BC) were applied, resulting in a uniaxial strain 
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compression. In the first step of analysis, (in most cases) all the components of the panel worked within elasticity 
range. In the second step, the displacements in y direction of the nodes of the upper edge of the panel were forced, 
causing tension and eventually the failure of the panel. In subsequent tests, in the nodes on the BC edge the values 
of displacements in the x direction were increased to: 0.05, 0.10, and 0.15 [mm] respectively, changing the values of 
effective (average) horizontal stresses. 
4. Analysis of numerical test results 
Table 2 summarizes the results of brickwork compression/tension load capacity tests. For each assumed 
displacement value xu  leading to compression in x direction the sum of respective reaction forces in corresponding 
nodes was read, based on which the average effective compressive stress xxV  was calculated. On the other hand, the 
stress component yyV  is the average value of maximal tensile stress that the panel carries, and was calculated as the 
sum of reaction forces of nodes with boundary conditions yu  applied, divided by the initial cross-section area.  
Based on the tests results the failure surface was created, wherein the additional axis indicates the angle of 
rotation of the bed joints of the panel in relation to the direction of the principal stresses (compressive force 
direction) (see [10, 11]). 
Values in bold denote the average normal stress in the y direction interpreted as average yield strength, while xxV
is the value of the average normal stress in the x direction, which appears after applying the initial displacement xu . 
In case of compressive loading at an angle of 0.0° or 90.0° the failure of the panels did never occur, due to adopted 
constitutive relationships, which do not allow for the occurrence of a compressive failure. 
Table 2. Ultimate stresses in compression-tension tests. 
 0.0° 22.5° 45.0° 67.5° 90.0° 
ux  [mm] 
|σxx| σyy |σxx| σyy |σxx| σyy |σxx| σyy |σxx| σyy 
[N/mm2] [N/mm2] [N/mm2] [N/mm2] [N/mm2] 
-0.00 0 0.485 0 0.515 0 0.659 0 0.794 0 1.178 
-0.05 1.041 0.476 0.860 0.466 0.682 0.761 0.644 0.808 0.704 1.189 
-0.10 2.082 0.455 1.698 0.272 1.314 0.137 1.288 0.616 1.408 1.187 
-0.15 3.123 0.425 1.797 - 1.317 - 1.851 - 2.113 1.184 
 
Fig. 5. Failure surface for the biaxial compression/tension obtained from numerical tests. 
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The main result of conducted numerical tests is presented in Fig. 5, as a graphical representation of table 2. The 
graph shows the dependence of the in-plane masonry panel failure surface on the angle of the load applied. It is a 3D 
surface for compression/tension tests obtained analogically to that presented in Page [10, 11] for biaxial 
compression/compression or compression/tension experimental tests. It is clearly visible that the nature of the 
resulting surface (with the accuracy to the adopted constitutive relations) corresponds to the behavior of real 
masonry panels. 
 
Fig. 6. Example of a panel failure mode for 45.0oT  with: a): no initial compression in x dir. b): nonzero initial compression in x direction. 
 
Fig. 7. Comparison of stress-strain relationship for different panels in tests with no compression. 
An exemplary failure mode of the brickwork panel (in case of 45.0oT  ) is presented in Fig. 6. The contour 
graph shows the value of the left side of the failure condition (5) in the cohesive elements. Fig. 6a shows the failure 
mode for the tensile test with no initial compression in the x direction applied, whereas in the test the result of which 
is shown in Fig. 6b the value of initially forced displacement ux was greater than 0. In the latter case slip occurred 
alongside bed joint in which initial compression caused shear stress of maximal value. Both cases show that failure 
mode in such masonry panel is dependent not only on the geometry (bricks layout) or the direction of the tensile 
load, but also on the occurrence of shear stresses in interface (mortar). 
Finally, Fig. 7 shows a comparison of functions of averaged stress versus strain for various values of the T  angle 
of the tensile tests in the y direction with no compressive stress application in the x direction. In the case of 
significant angle value in between the bed joint and the x direction (in Fig. 6a, 67.5oT   and 90.0oT  ) the 
phenomenon of sudden change in the effective stiffness of the panel, due to the faster failure of head joints under 
tension than shearing failure of the bed joints, can be observed. From the theory of plasticity point of view the 
observed phenomenon can be interpreted as so called stress redistribution in the brickwork element. 
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5. Final remarks 
On the basis of finite element method tests performed with application of cohesive element approach the failure 
surface for biaxial compression/tension test similar to that found in Page’s paper was derived and presented. The 
qualitative predictions of applied constitutive models and a method of brickwork modeling as heterogeneous 
structure are correct almost for entire range of variation of the T  angle. However, it is apparent that the accuracy 
and correctness decreases when 0oT o  or 90oT o . In these extreme cases it is not possible to determine the load 
capacity of the panel. This is due to the fact that the limit condition at the interface can be achieved by tension or 
shearing, while completely ignoring compression. The failure under compression cannot occur in case of brick 
material as well, as it is modeled as linear elastic. Inclusion of the compressive failure mechanism in the constitutive 
model is the aim of further research. It is very easy to achieve this goal by considering yield condition for isotropic, 
plastic, brittle cracking materials in constitutive modeling of the brick material, whilst much greater problem 
appears when the possibility of crushing the joint is taken into account. This would require a proposition of a 
constitutive model that allows the inclusion of the compressive stress influence on the destruction of the interface 
and requires writing an user procedure for such material (eg. in ABAQUS environment). It should be noted, 
however, that the presented numerical calculations show that lack of influence of compressive stress on the failure 
of the interface has very little effect on the load capacity of the panels for the angles different then 0
o
 or 90
o
. On 
that basis it can be concluded that the proposed approach allows for reasonable prediction of the limit state of 
masonry structures modeled as heterogeneous, working in complex stress states. It may also serve as a basic model 
for the virtual tests used in the development of homogenous masonry models, determining both elastic and plastic 
parameters. 
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